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Abstract
Any charged particle moving faster than light through a medium emits
Cherenkov radiation. We show that charged particles moving faster than
light through the vacuum emit Cherenkov radiation. How can a particle move
faster than light? The weak speed of a charged particle can exceed the speed of
light. By denition, the weak velocity hviw is hΨfinjvjΨini/hΨfinjΨini, where
v is the velocity operator and jΨini and jΨfini are, respectively, the states
of a particle before and after a velocity measurement. We discuss the con-





In quantum mechanics, it is axiomatic that the only allowed values of an observable
are its eigenvalues. With these allowed values come, in turn, allowed interpretations. For
example, a quantum particle can tunnel through a potential energy barrier greater than
its total energy. Can it have negative kinetic energy? The axiomatic answer is \No! The
eigenvalues of kinetic energy are all positive!" This answer does not allow us an intuitive
interpretation of quantum tunneling as a negative kinetic energy phenomen. But we can go
beyond the axiomatic answer to dene the weak value hAiw of an observable A on a system
[1,2]:
hAiw = hΨfinjAjΨinihΨfinjΨini . (1)
Here jΨini and jΨfini are, respectively, the states of the system before and after a measure-
ment of A. (Just as we can preselect jΨini, we can postselect jΨfini; thus we measure A on
a pre- and postselected ensemble.) If the measurement interaction is weak enough [1,2], the
measurement yields the weak value hAiw; and hAiw need not be an eigenvalue. Indeed, it
need not be any classically allowed value. The weak kinetic energy of a tunnelling particle
is negative [3]. Weak values allow many new interpretations, in addition to negative kinetic
energy. Here we show that the weak speed of a particle can exceed the speed of light, and
we discuss the consistency of weak values.
We will begin by showing how the weak speed of a charged particle can exceed the speed
of light in vacuo. Such behavior seems completely inconsistent with the laws of physics. But
we then compute the electromagnetic eld of the particle and nd that it corresponds to
Cherenkov radiation: like any charged particle moving faster than light through a medium, a
superluminal particle emits Cherenkov radiation. Finally, we prove that weak superluminal
speed does not contradict relativistic causality. Weak speed illustrates the general principle
that all values measured on a pre- and postselected ensemble are consistent.
II. QUANTUM WALK
Consider a charged particle constrained to move along the z-axis. As a model Hamilto-
nian for our charged particle, we take H = pzvz, where pz = −ih∂/∂z and vz acts on an







The Pauli matrices operate on the internal Hilbert space. (They do not necessarily represent
spin.) The eigenvalues of vz are −c,−c+2c/N, . . . , c−2c/N, c, where c is the speed of light.
The particle moves with velocity vz in the z-direction,
_x = [x, H ]/ih = 0 , _y = [y, H ]/ih = 0 , _z = [z, H ]/ih = vz , (3)
hence the change in position z is a measure of vz.
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If the only allowed values of vz are its eigenvalues, the speed of the particle cannot exceed
the speed of light. But consider the following weak measurement of vz. We preselect the
particle in an initial state jΨini(x, 0), where (x, 0) represents a particle approximately
localized at x = (x, y, z) = 0,
(x, 0) = (2pi)−3/4e−x
2/22 , (4)
and postselect a nal state jΨfini. For jΨini and jΨfini we choose
jΨini = 2−N/2 ⊗Ni=1 (j "ii+ j #ii) ,
jΨfini = ⊗Ni=1 (α"j "ii+ α#j #ii) , (5)
with α" and α# real and α2" + α
2
# = 1. Our chances of postselecting the state jΨfini may be
very small, but if we repeat the experiment again and again, eventually we will postselect
jΨfini. Thus (x, t) is
(x, t) = hΨfinje−ipzvzt/h¯jΨini(x, 0) , (6)
up to normalization. For short enough times t, we can expand the exponent:
(x, t)  hΨfinj1− ipzvzt/hjΨini(x, 0)
= hΨfinj1− ipzhvziwt/hjΨini(x, 0)
 hΨfinje−ipzhvziwt/h¯jΨini(x, 0)
= hΨfinjΨini(x, y, z − hvziwt, 0) . (7)
Thus at time t the particle is displaced by hvziwt along the z-axis. Note that the weak value
of vz,




exceeds c in magnitude if α"α# is negative. Thus the weak speed of the particle could be
superluminal.
This result is so surprising as to merit a second derivation. We can rewrite Eq. (6) by
applying vz to the initial state to obtain













−i(2n−N)pzct/Nh¯(x, 0) . (9)
Eq. (9) represents a superposition of many displacements of the particle. Applying the
binomial theorem, we nd that (x, t) is a superposition of (x, 0) displaced along the z-
axis by at most ct in either direction. So how can Eq. (6) represent a particle displaced by
hvziwt if hvziwt is out of this range? Here is the surprise. Apparently the displaced states
interfere, constructively for z  hvziwt and destructively for other values of z. Indeed, we
can verify this interference. Since
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α"e−ipzct/Nh¯ + α#eipzct/Nh¯  α"(1− ipzct/Nh) + α#(1 + ipzct/Nh)
= (α" + α#)− (α" − α#)ipzct/Nh




(1− ipzhvziwt/Nh)N = e−ipzhvziwt/h¯ , (11)
we nd that, for large enough N , Eq. (9) does indeed imply Eq. (7).
Mathematically, Eq. (9) does not look like Eq. (7). Eq. (9) corresponds to a superposition
of waves e−ipzvzt/h¯ where vz = −c,−c + 2c/N, . . . , c − 2c/N, c. If e−ipzhvziwt/h¯ is not one of
these waves, how can we obtain it by superposing them? Physically, Eq. (9) is analogous
to a random walk. We can generate a random walk in one dimension by tossing a coin. In
Eq. (9), we toss a quantum coin|a spin|to generate a quantum random walk [4]. If the
coecients α" and α# in Eq. (9) were probabilities, the expansion of Eq. (9) would generate
a classical random walk; each term in the expansion would represent a possible random
walk, with coecient equal to its probability. A classical random walk of N steps yields
a typical displacement of
p
N steps, and never more than N . But the coecients α" and
α# are probability amplitudes; the quantum random walk superposes all possible classical
random walks and yields arbitrary displacements.
III. CONSISTENCY OF WEAK VALUES
Although Eqs. (7) and (9) agree in the limit N !1, we must take into account that N
is nite. To do so, we dene a function f(1/N) = (1 + s/N)N with s constant and expand
f(1/N) in a Taylor series expansion around f(0):
f(1/N) = f(0) + f 0(0)/N + f 00(0)/2N2 + . . . , (12)














+ . . .
)
. (13)
Hence Eqs. (9) and (10) imply










(x, 0) , (14)
up to normalization. The exponential factor outside the brackets displaces (x, 0) by hvziwt
but terms of order 1/N change the shape of (x, 0). To make the change negligible, we
require
1  hvzi2wt2/N2 . (15)
Eq. (15) relates N to the width  of (x, 0). If Eq. (15) holds, the particle will move with
weak speed hvziw over a time t.
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Eq. (15) is crucial to the consistency of weak speed. We assume that a measurement of vz
is followed by postselection of jΨfini. But suppose we measure the velocity vz and nd vz > c.
Apparently, the measurement yielded the weak value hvziw without any postselection! Why
do we insist on postselection of jΨfini? Once the measurement yields the weak value, we
are free not to postselect. The answer is that the measured value vz > c may be an error.
Even if the particle remains localized according to (x, 0), we have a chance of nding it on
the z-axis at z = hvziwt, and this measured value of vz is an error; the probability of such
an error is proportional to e−hvzi
2
wt
2/2 , which by Eq. (15) is much greater than e−N . If we
postselect the state jΨfini, the measured value of vz is not an error; the probability of this
postselection is approximately (α"α#+1/2)N . If we compare the two probabilities and recall
that α"α# is negative for vz > c, we nd that the probability of an error tends to dominate
the probability of postselecting jΨfini. If it did not, measurements of vz on the pre- and
postselected ensemble could not consistently yield hvziw. Hence a measured value vz > c
need not be a weak value; unless and until we postselect jΨfini, it may be just an error.
Taken separately, each of Eqs. (7) and (9) suces to show that the weak speed of a
particle can be superluminal. Taken together, they yield the quantum walk. We now apply
the quantum walk to couple a superluminal particle to the electromagnetic eld.
IV. CHERENKOV RADIATION
What is the electromagnetic eld of the particle? Let us treat the scalar potential; the
treatment of the vector potential is similar. To begin with, suppose that vz is well dened,
i.e. that vz equals one of its eigenvalues. Let V (x
0, t0; vz) denote the scalar potential of a
particle of charge q moving along the z-axis with z = vzt. We can obtain V (x
0, t0; vz) (in the












G(x0, t0;x, t) = 4piqδ(x0 − x)δ(t0 − t) . (16)
The solution is [5]
G(x0, t0;x, t) = q
δ(t0 − t− jx0 − xj/c)
jx0 − xj . (17)
It is the scalar potential at x0, t0 due to the charge at x, t. To obtain V (x0, t0; vz) from
G(x0, t0;x, t), we multiply Eqs. (16-17) by δ(z − vzt) and integrate with respect to t:




δ(t0 − t− jx0 − xj/c)
jx0 − xj , (18)








where ti satises g(ti) = 0 and here
g(t) = t0 − t− [(x0)2 + (y0)2 + (z0 − vzt)2]1/2/c . (20)
To obtain the zeros, we solve the quadratic equation
c2(t0 − t)2 = (x0)2 + (y0)2 + (z0 − vzt)2 (21)
and require t0  t. There is one zero for jvzj < c,
ct =
ct0 − vzz0/c + f[(x0)2 + (y0)2](1− v2z/c2) + (z0 − vzt0)2g1/2
1− v2z/c2
, (22)
and the integral yields
V (x0, t0; vz) = q
{
[(x0)2 + (y0)2](1− v2z/c2) + (z0 − vzt0)2
}−1/2
. (23)
Indeed, we can also obtain V (x0, t0; vz) from the Coulomb potential V (x0, t0; 0) via a Lorentz
boost of vz in the z-direction. So if a charge q in a localized state moves along the z-axis
with z = vzt, its scalar potential is approximately V (x
0, t0; vz).
Now what if vz does not equal one of its eigenvalues? Suppose we preselect the particle
in the state jΨini(x, 0) and, after a time t, postselect the particle in the state jΨfini. (See
Eqs. (4-5).) Then (x, t) is









−i(2n−N)pzct/Nh¯(x, 0) , (24)
as in Eq. (9). What is the corresponding scalar potential V (x0, t0)?
The answer to this question depends on the magnitude of the charge q of the particle.
If the charge is large, (x, t) will not long remain a superposition of terms as in Eq. (24).
Each term in the superposition corresponds to the particle at a dierent point along the
z-axis, localized to within z  . We assume this uncertainty conforms to Eq. (15). But
if q is large enough, the electromagnetic eld will measure the location of the particle and
reduce the uncertainty z to less than what Eq. (15) allows. Hence the eld will reduce
the superposition in Eq. (24) and will not manifest the weak value hvziw. Conversely if
the charge is small, vacuum fluctuations will dominate V (x0, t0) and the electromagnetic
eld will not reduce the uncertainty z to less than what Eq. (15) allows. Then V (x0, t0)
will not reduce the superposition and will manifest the weak speed hvziw. The scalar po-
tential V (x0, t0) of the superposition (x, t) will be the superposition of scalar potentials
V (x0, t0; vz) for vz = (2n−N)c/N , with amplitudes proportional to the corresponding coef-
cients 2−N/2αn"α
N−n
# N !/n!(N − n)! in Eq. (24):







n!(N − n)!V (x
0, t0; [2n−N ]c/N) . (25)
We now apply Eq. (18) to rewrite V (x0, t0; [2n−N ]c/N). First, we dene p0z to be conjugate
to z0, so Eq. (18) implies
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δ(t0 − t− jx0j/c)
jx0j . (26)
Hence




δ(t0 − t− jx0j/c)
jx0j , (27)
and
























δ(t0 − t− jx0j/c)
jx0j . (28)
Eq. (28) is a quantum walk with step size ct/N . The speeds jvzj = j2n − N jc/N do not
exceed the speed of light, but a quantum walk can outspeed light! For large enough N , Eq.
(28) approaches






δ(t0 − t− jx0j/c)
jx0j , (29)
as in Eqs. (10-11). Comparing with Eq. (26), we see that V (x0, t0) is the scalar potential of a
charged particle moving at the weak speed hvziw. Likewise, the vector potential A(x0, t0) of
(x, t) is the vector potential [6] of a charged particle moving at the weak speed hvziw. Now
if hvziw exceeds the speed of light, V (x0, t0) and A(x0, t0) correspond to Cherenkov radiation,
the shock wave of a charged particle moving faster than light through a medium.
Cherenkov radiation is a striking illustration of the principle that all values measured on
a pre- and postselected ensemble, weak or strong, are consistent. Indeed, we can measure
Cherenkov radiation strongly (precisely) if q is small enough. How small? We obtain an
upper bound on q as follows. At a distance D from the particle, the electric eld strength
E is E = q/D2, thus D =
√
q/E. Then D = (D3/2q)E. If we infer the position z of the
particle from this measurement of E, we have z  (D3/2q)E. The condition for a weak
measurement of vz is Eq. (15), with z taking the place of ; that is,p
N(D3/2q)E 
p
N(z)  hvziwt . (30)
Since D  hvziwt  ct, Eq. (30) implies
p
ND2E  2q. Now vacuum fluctuations in a
region of volume D3, over a time D/c, induce uncertainty in the electric eld that is roughly
E  phc/D2 in magnitude [7]. Thus
hc > 4q2/N (31)
is the condition for weak measurement and Cherenkov radiation. As long as q satises Eq.
(31), even strong measurements of the electromagnetic eld will show Cherenkov radiation.
We see that for q  e, N is approximately the inverse ne-structure constant; for large q, N
must be larger, too.
But Cherenkov radiation does not, by itself, imply weak superluminal velocity; we
must still postselect jΨfini. Given the condition hc > 4q2, postselection of jΨfini implies
Cherenkov radiation, but the reverse does not hold: Cherenkov radiation does not imply
postselection of jΨfini. Without postselection, Cherenkov radiation may be an error, an
artifact of the uncertainty z in the location of the charged particle.
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V. RELATIVISTIC CAUSALITY
Weak measurements|measurements that yield weak values|are internally consistent
because they obey two rules. On the one hand, they are weak, hence they hardly disturb
the measured system. On the other hand, they are inaccurate and can yield, \by error", weak
values. These two rules are intimately related. In our example, the initial wave function of
the charged particle, (x, 0), is everywhere an analytic function; hence pz nowhere diverges,
and hence there is a nonvanishing probability for the particle to be anywhere. Thus, the
position of the particle is always uncertain, and at time t we can localize the particle, \by
error", in a region it could not have reached without superluminal speed. What if we were
to try to eliminate the possibility of error, either by choosing the initial wave function to be
a Dirac delta function, or by otherwise imposing a sharp cuto on the initial wave function?
In either case, the initial wave function would not be an analytic function. But then the
expansion of Eqs. (7) and (10) in powers of pz would not be valid. The exponential of pz in
Eqs. (7) and (10), e−ipzvzt/h¯, is a unitary operator that translates (x, 0) to (x, y, z−vzt, 0).
This unitary operator acts on any wave function with a Fourier transform. But the Taylor





(x, 0) , (32)
equals the Taylor series expansion of (x, y, z − vzt, 0) around (x, 0) only if (x, 0) is an
analytic function. Thus the weak value hvziw emerges in this experiment only if the initial
wave function (x, 0) is analytic.
Once we understand the role of analyticity in the emergence of hvziw, we can answer
another question: How can hvziw > c be consistent with relativistic causality? We have
seen that the particle moves with velocity hvziw only if (x, 0) is analytic. But if (x, 0) is
analytic, then its value and the value of its derivatives at any one point determine its value
at all points. Hence (x, t) = (x, y, z − hvziwt, 0) does not transmit any message, because
it is the same message for all x and t. Since (x, t) does not transmit any message, it does
not, in particular, transmit a superluminal message, and there is no violation of relativistic
causality.
Thus weak superluminal speed is consistent with relativistic causality and even with
strong measurements. There are two distinct ways in which weak and strong measurements
can be consistent. On the one hand, if a weak measurement of vz on a pre- and postselected
ensemble yields hvziw > c, any strong measurement of the electromagnetic eld on the
same pre- and postselected ensemble will show Cherenkov radiation. That is, strong and
weak measurements are consistent as long as they apply to the same pre- and postselected
ensemble. On the other hand, if strong and weak measurements do not apply to the same
pre- and postselected ensemble, they are consistent even if they yield dierent measured
values. For example, we can follow a weak measurement of vz with either a postselection
or a strong measurement of vz. If we postselect the state jΨfini, we interpret the result
of the weak measurement as the weak value hvziw; if we strongly (re)measure vz, we may
interpret the result of the weak measurement as an error. But these two interpretations of
a measured value are consistent, for they apply to dierent ensembles|the former to a pre-
and postselected ensemble and the latter to a preselected ensemble. Thus, how we interpret
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a measured value depends on what we choose to measure next. Here we have considered a
weak measurement of velocity and other measurements, strong or weak, that do not change
the pre- and postselected ensemble. Together, these measurements yield a consistent picture
of a superluminal particle speeding through the vacuum and emitting Cherenkov radiation.
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